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INTEGRAL CONDITIONS FOR NONUNIFORM
µ-DICHOTOMY ON THE HALF-LINE
ANTO´NIO J. G. BENTO, NICOLAE LUPA, MIHAIL MEGAN,
AND CE´SAR M. SILVA
Abstract. We give necessary integral conditions and sufficient ones for
the existence of a general concept of µ-dichotomy for evolution opera-
tors defined on the half-line which includes as particular cases the well-
known concepts of nonuniform exponential dichotomy and nonuniform
polynomial dichotomy, and also contains new situations. Additionally,
we consider an adapted notion of Lyapunov function and use our re-
sults to obtain necessary and sufficient conditions for the existence of
nonuniform µ-dichotomies using these Lyapunov functions.
1. Introduction
The notion of exponential dichotomy is a fundamental tool in the study
of stability of difference and differential equations and can be traced back
to the work of Perron [25] on the stability of ordinary differential equations,
and of Li [17] for discrete time systems. We also refer to the book of Chicone
and Latushkin [14] for important results in infinite-dimensional spaces and
the book of Po¨tzsche [30] for nonautonomous discrete systems.
In some situations, in particular for nonautonomous systems, the classi-
cal concept of (uniform) exponential dichotomy is too restrictive and it is
important to look for more general hyperbolic behavior. We can identify, at
least, two ways to generalize this concept: allow some loss of hyperbolicity
along the trajectories, a path leading to notions similar to Pesin’s nonuni-
form hyperbolicity [26, 27, 28], and consider asymptotic behavior that is
not necessarily exponential, an approach followed by Naulin and Pinto in
[24, 29], where the authors considered uniform dichotomies with asymptotic
behavior given by general growth rates. In recent years, a large number of
papers study different aspects of the dynamical behavior of systems with
nonuniform exponential dichotomies, a type of dichotomic behavior where
some exponential loss of hyperbolicity along the trajectories is allowed (see
for example the work of Barreira and Valls [4] and papers [18, 31, 33]). Also,
several results were obtained in [1, 2, 3, 7, 10, 13] for general nonuniform
behavior and in [5, 8, 9] for nonuniform polynomial behavior.
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One of the most important results in the stability theory of evolution
operators is due to Datko [15] which has given an integral characterization
of uniform exponential stability. This characterization is used to obtain a
necessary and sufficient condition for uniform exponential stability in terms
of Lyapunov functions. Preda and Megan have extended Datko theorem
to uniform exponential dichotomy [32]. Generalizations of this result in the
case of nonuniform exponential dichotomy are given in [18, 21, 31]. For more
details and history about Datko theorem we refer the reader to [34].
In this paper, we consider a notion of dichotomy which is both nonuniform
and not necessarily exponential in the general context of evolution operators
defined on the half-line, with the purpose of obtaining necessary conditions
and sufficient ones in the spirit of Datko’s results. Additionally, we use
our Datko type theorem to obtain necessary and sufficient conditions for
the existence of nonuniform µ-dichotomies in terms of suitable Lyapunov
functions.
We note that the use of Lyapunov functions in the study of (uniform)
exponential stability has a long story that goes back to the seminal work of
Lyapunov [19]. Corresponding results for exponential dichotomies were first
considered by Ma˘ızel′ [20]. We refer the book [23] for the relation between
(uniform) exponential dichotomies and Lyapunov functions. For stability
results via Lyapunov functions in the context of delay equations, we refer
the work of Hatvani and collaborators [11, 12, 16].
In the context of nonuniform exponential dichotomies, Megan and Bus¸e
discussed in [22] the relation between Lyapunov functions and existence of
dichotomies. Recently, for a different concept of nonuniform exponential
dichotomy, Barreira and Valls [6] used quadratic Lyapunov functions, that
are Lyapunov functions obtained from quadratic forms, to establish the exis-
tence of nonuniform exponential dichotomies. In a more recent work [2], the
authors gave a complete characterization of the existence of a general type of
nonuniform dichotomy (it is considered the case of different growth rates for
the uniform and nonuniform part of the dichotomy) in terms of suitable Lya-
punov functions, but the results are restricted to the case of nonautonomous
linear differential equations in finite-dimensional spaces. We point out that
none of the results in [2, 6] and in our paper imply the results in the other.
We emphasize that the dichotomies considered in this paper include as
particular cases the concepts of nonuniform exponential dichotomy and
nonuniform polynomial dichotomy. We show that our results extend previ-
ous theorems and also contain new situations. We remark that, by allowing
growth rates that are not exponential, we are considering situations where
the classical Lyapunov exponents can be zero. Moreover, note that we do
not need to assume the invertibility of the evolution operators on the whole
space, which allow us to apply our results to compact operators defined in
infinite-dimensional spaces.
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2. Notions and preliminaries
Let X be a Banach space and let B(X) be the Banach algebra of all
bounded linear operators on X. Throughout this paper R+0 denotes the set
of non-negative real numbers and N∗ is assumed to be the set of positive
integers. We also consider ∆ the set defined by
∆ =
{
(t, s) ∈ R+0 × R+0 : t ≥ s
}
.
We first recall the definition of the evolution operators:
Definition 2.1. An operator valued function U : ∆ → B(X) is said to be
an evolution operator if
(1) U(t, t) = Id for every t ≥ 0;
(2) U(t, τ)U(τ, s) = U(t, s) for all t ≥ τ ≥ s ≥ 0;
(3) (t, s) 7→ U(t, s)x is continuous for every x ∈ X.
Definition 2.2. We say that an increasing function µ : R+0 → [1,+∞) is a
growth rate if µ(0) = 1 and lim
t→+∞
µ(t) = +∞.
Examples of growth rates are et, t+ 1, t+
√
t2 + 1,
log(et + 1)
log 2
etc.
Lemma 2.3. Let µ : R+0 → [1,+∞) be a differentiable growth rate and
K > 0. The following statements are equivalent:
(i) sup
t≥0
µ′(t)
µ(t)
≤ K;
(ii) µ(t) ≤ µ(t0)eK(t−t0) for every t ≥ t0 ≥ 0;
(iii) sup
t≥0
µ(t+ δ)
µ(t)
≤ eKδ for every δ > 0.
Proof. (i) ⇒ (ii). Let t ≥ t0 ≥ 0 and τ ∈ [t0, t]. We have that µ
′(τ)
µ(τ)
≤ K,
which is equivalent to
d
dτ
log µ(τ) ≤ K, τ ∈ [t0, t].
Integrating from t0 to t in the last inequality, we deduce that
log µ(t)− log µ(t0) ≤ K(t− t0).
This implies that (ii) holds. Implication (ii) ⇒ (iii) is straightforward.
(iii) ⇒ (i). Let t ≥ 0. By (iii) we have
µ(t+ δ)− µ(t)
δ
µ(t)
=
µ(t+ δ)
µ(t)
− 1
δ
≤ e
Kδ − 1
δ
,
for all δ > 0. Letting δ → 0 in the relation above and using the fact that µ
is a differentiable function, we obtain
µ′(t)
µ(t)
≤ K, for all t ≥ 0,
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and hence (i) holds. 
For example, for the growth rates considered above, relation (i) in Lemma
2.3 is fulfilled.
Definition 2.4. A strongly continuous function P : R+0 → B(X) is called a
projection valued function if
P 2(t) = P (t) for every t ≥ 0.
Given a projection valued function P : R+0 → B(X), we denote by Q the
complementary projection valued function, that is Q(t) = Id−P (t) for every
t ≥ 0.
Definition 2.5. We say that a projection valued function P : R+0 → B(X)
is compatible with an evolution operator U : ∆→ B(X) if, for all t ≥ s ≥ 0,
we have
(1) P (t)U(t, s) = U(t, s)P (s);
(2) the restriction U(t, s)|Q(s)X : Q(s)X → Q(t)X is an isomorphism
and we denote its inverse by UQ(s, t).
Remark 2.6. If P : R+0 → B(X) is a projection valued function compatible
with an evolution operator U : ∆ → B(X), then for every (t, s) ∈ ∆, it
follows
(i) U(t, s)UQ(s, t)Q(t) = Q(t);
(ii) UQ(s, t)U(t, s)Q(s) = Q(s).
Moreover, for all t ≥ τ ≥ s ≥ 0, we have that UQ(s, τ)UQ(τ, t) = UQ(s, t).
Definition 2.7. Given a growth rate µ : R+0 → [1,+∞) and a projection
valued function P : R+0 → B(X) compatible with an evolution operator U :
∆ → B(X), we say that U has a nonuniform µ-dichotomy with projection
valued function P if there exist constants a, b > 0, ε ≥ 0 and N1, N2 ≥ 1
such that, for all t ≥ s ≥ 0, we have
(1) ‖U(t, s)P (s)‖ ≤ N1
(
µ(t)
µ(s)
)−a
µ(s)ε;
(2) ‖UQ(s, t)Q(t)‖ ≤ N2
(
µ(t)
µ(s)
)−b
µ(t)ε.
When ε = 0, we say that U has a uniform µ-dichotomy with projection
valued function P .
In the following we consider particular cases of the notion of nonuniform
µ-dichotomy:
(1) if µ(t) = et, then we recover the notion of nonuniform exponential
dichotomy (in the sense of Barreira-Valls) [4] and in particular (when
ε = 0) the classical notion of uniform exponential dichotomy;
(2) if µ(t) = t+1, then we recover the notion of nonuniform polynomial
dichotomy [5, 8, 9].
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More generally, we consider an evolution operator which has a nonuniform
µ-dichotomy with a projection valued function P , for an arbitrary continuous
growth rate µ:
Example 2.8. Let µ : R+0 → [1,+∞) be a continuous growth rate and
ε ≥ 0 be a non-negative real number. On X = R2 endowed with the norm
‖(x1, x2)‖ = max{|x1|, |x2|}, we consider the projection valued function
P (t)(x1, x2) = (x1 + (µ(t)
ε − 1)x2, 0)
and its complementary projection valued function
Q(t)(x1, x2) = ((1− µ(t)ε)x2, x2).
Obviously, we have that
‖P (t)‖ = µ(t)ε and ‖Q(t)‖ = max{µ(t)ε − 1, 1} ≤ µ(t)ε. (1)
Given a, b > 0, we consider the evolution operator U : ∆→ B(R2),
U(t, s) =
(
µ(t)
µ(s)
)−a
P (s) +
(
µ(t)
µ(s)
)b
Q(t).
Since P (t)P (s) = P (s), Q(t)Q(s) = Q(t) and Q(t)P (s) = 0, we have that P
is a projection valued function compatible with U . Moreover, it follows that
U(t, s)P (s) =
(
µ(t)
µ(s)
)−a
P (s) and UQ(s, t)Q(t) =
(
µ(t)
µ(s)
)−b
Q(s).
By (1) and using the relations above, we deduce that
‖U(t, s)P (s)‖ =
(
µ(t)
µ(s)
)−a
µ(s)ε
and
‖UQ(s, t)Q(t)‖ ≤
(
µ(t)
µ(s)
)−b
µ(s)ε ≤
(
µ(t)
µ(s)
)−b
µ(t)ε,
for t ≥ s ≥ 0, which shows that the evolution operator U has a nonuniform
µ-dichotomy with projection valued function P . Let now ε > 0 and assume
that U has a uniform µ-dichotomy with projection valued function P . Then
there exist ν > 0 and N ≥ 1 such that
‖U(t, s)P (s)‖ ≤ N
(
µ(t)
µ(s)
)−ν
, for all t ≥ s ≥ 0,
which is equivalent to(
µ(t)
µ(s)
)−a
µ(s)ε ≤ N
(
µ(t)
µ(s)
)−ν
, for all t ≥ s ≥ 0. (2)
Setting t = s in (2) we have
µ(s)ε ≤ N, for all s ≥ 0,
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and this is absurd because lim
t→+∞
µ(t) = +∞. Therefore, when ε > 0 the
evolution operator U does not have a uniform µ-dichotomy with projection
valued function P .
Now, we provide an example of a linear differential equation that generates
an evolution operator which admits a µ-dichotomy.
Example 2.9. Given a growth rate µ and a ∈ R, ε ≥ 0, consider the
functions
νa,ε(t) = a
µ′(t)
µ(t)
+
ε
2
µ′(t)
µ(t)
(cos t− 1)− ε
2
log (µ(t)) sin t
and
σa,ε(t) = µ(t)
a eε[log(µ(t))(cos t−1)]/2 .
It is clear that for t, s ≥ 0,
σa,ε(t)
σa,ε(s)
≤
(
µ(t)
µ(s)
)a
µ(s)ε. (3)
In ℓ∞ = {x = (x1, x2, x3, . . . , xn, . . .) : sup
n∈N∗
|xn| < +∞} consider the
linear differential equation
v′(t) = A(t)v(t) (4)
where A(t) : ℓ∞ → ℓ∞ is the operator given by
A(t) (x1, x2, x3, . . . , xn, . . .)
= (νa1,ε1(t)x1, νa2,ε2(t)x2, νa3,ε3(t)x3, . . . , νan,εn(t)xn, . . .) ,
with (an)n∈N∗ and (εn)n∈N∗ be two bounded real sequences such that
a2n > 0, a2n−1 < 0, εn ≥ 0, for every n ∈ N∗,
and
sup
n∈N∗
a2n−1 < 0, inf
n∈N∗
a2n > 0.
The evolution operator of equation (4) is given by
U(t, s) (x1, x2, x3, . . . , xn, . . .)
=
(
σa1,ε1(t)
σa1,ε1(s)
x1,
σa2,ε2(t)
σa2,ε2(s)
x2,
σa3,ε3(t)
σa3,ε3(s)
x3, . . . ,
σan,εn(t)
σan,εn(s)
xn, . . .
)
.
With the projection P (t) : ℓ∞ → ℓ∞ defined by
P (t) (x1, x2, x3, x4, x5, x6, . . .) = (x1, 0, x3, 0, x5, 0, . . .) ,
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it follows from (3) that
‖U(t, s)P (s)‖ = sup
n∈N∗
σa2n−1,ε2n−1(t)
σa2n−1,ε2n−1(s)
≤ sup
n∈N∗
(
µ(t)
µ(s)
)a2n−1
µ(s)ε2n−1
=
(
µ(t)
µ(s)
)−a
µ(s)ε,
where a = − sup
n∈N∗
a2n−1 and ε = sup
n∈N∗
εn, and
‖UQ(s, t)Q(t)‖ = sup
n∈N∗
σa2n,ε2n(s)
σa2n,ε2n(t)
≤ sup
n∈N∗
(
µ(s)
µ(t)
)a2n
µ(t)ε2n
=
(
µ(t)
µ(s)
)−b
µ(t)ε,
with b = inf
n∈N∗
a2n. Clearly, the projection valued function P is compatible
with the evolution operator U and thus the linear equation (4) admits a
µ-dichotomy with projection valued function P .
3. The main results
For a given evolution operator U : ∆ → B(X) and a projection valued
function P : R+0 → B(X) compatible with U , we denote the Green function
associated to the evolution operator U and the projection valued function
P compatible with U by
G(t, s) :=
{
U(t, s)P (s), for t > s ≥ 0,
−UQ(t, s)Q(s), for s > t ≥ 0.
The following theorem gives a necessary condition for the existence of
nonuniform µ-dichotomy with a projection valued function P .
Theorem 3.1. Let p > 0 and µ : R+0 → [1,+∞) be a differentiable growth
rate. If the evolution operator U : ∆→ B(X) has a nonuniform µ-dichotomy
with a dichotomy projection valued function P : R+0 → B(X), then for every
constant γ < min{a, b} it follows that∫ +∞
0
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ sign(τ−t)
‖G(τ, t)x‖pdτ ≤ Dµ(t)pε‖x‖p, (5)
for every (t, x) ∈ R+0 ×X, where a, b > 0, ε ≥ 0 and N1, N2 ≥ 1 are given
by Definition 2.7, and
D =
N
p
1
p(a− γ) +
N
p
2
p(b− γ) · (6)
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Proof. For (t, x) ∈ R+0 ×X and γ < min{a, b}, we have
∫ +∞
0
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ sign(τ−t)
‖G(τ, t)x‖pdτ
=
∫ +∞
t
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ
‖U(τ, t)P (t)x‖pdτ
+
∫ t
0
µ′(τ)
µ(τ)
(
µ(t)
µ(τ)
)pγ
‖UQ(τ, t)Q(t)x‖pdτ
≤ Np1µ(t)pεµ(t)p(a−γ)
∫ +∞
t
µ(τ)−p(a−γ)−1µ′(τ)dτ ‖x‖p
+Np2µ(t)
pεµ(t)−p(b−γ)
∫ t
0
µ(τ)p(b−γ)−1µ′(τ)dτ ‖x‖p
≤ Dµ(t)pε‖x‖p,
and this proves the result. 
The next result is a partial converse of Theorem 3.1. It can be considered
a Datko type theorem for the existence of nonuniform µ-dichotomy.
Theorem 3.2. Let µ : R+0 → [1,+∞) be a differentiable growth rate such
that
Kµ := sup
t≥0
µ′(t)
µ(t)
< +∞. (7)
Assume that U : ∆ → B(X) is an evolution operator and P : R+0 → B(X)
is a projection valued function compatible with U such that
‖G(t, s)‖ ≤Mµ
′(s)
µ(s)
(
µ(t)
µ(s)
)ω sign(t−s)
µ(s)α, t, s ≥ 0, t 6= s, (8)
for some ω > 0, α ≥ 0 and M ≥ 1. If (5) holds for some p,D ≥ 1, γ > α
and ε ≥ 0, then U has a nonuniform µ-dichotomy with projection valued
function P .
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Proof. Let x ∈ X. By (7), (8) and Lemma 2.3, if t ≥ s+ 1, we have
‖U(t, s)P (s)x‖p =
∫ t
t−1
‖U(t, s)P (s)x‖pdτ
≤Mp
∫ t
t−1
(
µ′(τ)
µ(τ)
)p(
µ(t)
µ(τ)
)pω
µ(τ)pα‖U(τ, s)P (s)x‖pdτ
≤MpKp−1µ µ(t)pα
×
∫ t
t−1
µ′(τ)
µ(τ)
(
µ(t)
µ(τ)
)pω (
µ(τ)
µ(s)
)−pγ (
µ(τ)
µ(s)
)pγ
‖U(τ, s)P (s)x‖pdτ
=MpKp−1µ µ(t)
pα
(
µ(t)
µ(s)
)−pγ
×
∫ t
t−1
µ′(τ)
µ(τ)
(
µ(t)
µ(τ)
)p(ω+γ) (
µ(τ)
µ(s)
)pγ
‖U(τ, s)P (s)x‖pdτ
≤MpKp−1µ eKµ(ω+γ)pµ(t)pα
(
µ(t)
µ(s)
)−pγ
×
∫ t
t−1
µ′(τ)
µ(τ)
(
µ(τ)
µ(s)
)pγ
‖U(τ, s)P (s)x‖pdτ
≤MpKp−1µ eKµ(ω+γ)pµ(t)pα
(
µ(t)
µ(s)
)−pγ
×
∫ ∞
s
µ′(τ)
µ(τ)
(
µ(τ)
µ(s)
)pγ
‖U(τ, s)P (s)x‖pdτ
≤ DMpKp−1µ eKµ(ω+γ)pµ(t)pα
(
µ(t)
µ(s)
)−pγ
µ(s)pε‖x‖p
= DMpKp−1µ e
Kµ(ω+γ)p
(
µ(t)
µ(s)
)−p(γ−α)
µ(s)p(ε+α)‖x‖p
(9)
and, if s ≤ t < s+ 1, we get
‖U(t, s)P (s)x‖ ≤Mµ
′(s)
µ(s)
(
µ(t)
µ(s)
)ω
µ(s)α‖x‖
≤MKµeKµ(ω+γ−α)
(
µ(t)
µ(s)
)−(γ−α)
µ(s)ε+α‖x‖.
(10)
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On the other hand, for t ≥ s+ 1 we have
‖UQ(s, t)Q(t)x‖p =
∫ s+1
s
‖UQ(s, t)Q(t)x‖pdτ
≤Mp
∫ s+1
s
(
µ′(τ)
µ(τ)
)p(
µ(τ)
µ(s)
)pω
µ(τ)pα‖UQ(τ, t)Q(t)x‖pdτ
≤MpKp−1µ µ(s+ 1)pα
×
∫ s+1
s
µ′(τ)
µ(τ)
(
µ(τ)
µ(s)
)pω (
µ(t)
µ(τ)
)−pγ (
µ(t)
µ(τ)
)pγ
‖UQ(τ, t)Q(t)x‖pdτ
≤MpKp−1µ eKµαpµ(s)pα
(
µ(t)
µ(s)
)−pγ
×
∫ s+1
s
µ′(τ)
µ(τ)
(
µ(τ)
µ(s)
)p(ω+γ)(
µ(t)
µ(τ)
)pγ
‖UQ(τ, t)Q(t)x‖pdτ
≤MpKp−1µ eKµ(α+ω+γ)pµ(s)pα
(
µ(t)
µ(s)
)−pγ
×
∫ t
0
µ′(τ)
µ(τ)
(
µ(t)
µ(τ)
)pγ
‖UQ(τ, t)Q(t)x‖pdτ
≤ DMpKp−1µ eKµ(α+ω+γ)p
(
µ(t)
µ(s)
)−p(γ+α)
µ(t)p(ε+α)‖x‖p
(11)
and, for s ≤ t < s+ 1 we get
‖UQ(s, t)Q(t)x‖ ≤MKµeKµ(ω+γ+α)
(
µ(t)
µ(s)
)−(γ+α)
µ(t)ε+α‖x‖. (12)
From (9), (10), (11) and (12) we conclude that the evolution operator U
has a nonuniform µ-dichotomy with projection valued function P . 
In the particular case when µ(t) = et, we recover Theorem 1 in [18]:
Corollary 3.3. Assume that U : ∆ → B(X) is an evolution operator and
P : R+0 → B(X) is a projection valued function compatible with U such that
there exist constants ω > 0, α ≥ 0 and M ≥ 1 with
‖G(t, s)‖ ≤Meαseω|t−s|, for t, s ≥ 0, t 6= s.
If there exist p,D ≥ 1, γ > α and ε ≥ 0 such that∫ +∞
0
epγ|τ−t|‖G(τ, t)x‖pdτ ≤ Depεt‖x‖p,
for every (t, x) ∈ R+0 ×X, then U has a nonuniform exponential dichotomy
with projection valued function P .
A similar result to the one above can be obtained in the case of nonuniform
polynomial dichotomy:
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Corollary 3.4. We assume that U : ∆ → B(X) is an evolution operator
and P : R+0 → B(X) is a projection valued function compatible with U such
that there exist constants ω > 0, α ≥ 0 and M ≥ 1 with
‖G(t, s)‖ ≤M 1
s+ 1
(
t+ 1
s+ 1
)ω sign(t−s)
(s+ 1)α, for t, s ≥ 0, t 6= s.
If there exist p,D ≥ 1, γ > α and ε ≥ 0 such that∫ +∞
0
1
τ + 1
(
τ + 1
t+ 1
)pγ sign(τ−t)
‖G(τ, t)x‖pdτ ≤ D(t+ 1)pε‖x‖p,
for every (t, x) ∈ R+0 ×X, then U has a nonuniform polynomial dichotomy
with projection valued function P .
In the following example we consider an evolution operator that has a
nonuniform µ-dichotomy for a given growth rate µ, different from both ex-
ponential and polynomial functions.
Example 3.5. Let µ(t) = t +
√
t2 + 1, t ≥ 0. Given a, b > 1 and α ≥ 0
with α + 1 < min{a, b}, consider the evolution operator U : ∆ → B(R2),
U(t, s)(x1, x2) = (U1(t, s)x1, U2(t, s)x2) , where
U1(t, s)x1 =
µ′(s)
µ′(t)
(
µ(t)
µ(s)
)−a
eα sin
2 s log µ(s)−α sin2 t log µ(t)x1,
U2(t, s)x2 =
µ′(s)
µ′(t)
(
µ(s)
µ(t)
)−b
eα sin
2 t log µ(t)−α sin2 s logµ(s)x2.
Obviously µ is a differentiable growth rate with
µ′(t) = 1 +
t√
t2 + 1
≥ 1 and µ
′(t)
µ(t)
=
1√
t2 + 1
≤ 1, for all t ≥ 0. (13)
Using Theorem 3.2, we will prove that U has a nonuniform µ-dichotomy
with the projection valued function P (t)(x1, x2) = (x1, 0). Indeed, by (13)
we have that
‖G(t, s)‖ ≤ µ
′(s)
µ(s)
(
µ(t)
µ(s)
)ω sign(t−s)
µ(s)α+1, t, s ≥ 0, t 6= s,
for each ω > 0.
Furthermore, proceeding in a similar manner to the proof of Theorem 3.1,
we obtain∫ +∞
0
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)γ sign(τ−t)
‖G(τ, t)x‖dτ ≤ Dµ(t)α+1‖x‖, (t, x) ∈ R+0 ×R2,
for γ ∈ (α + 1,min{a, b}) and D = max
{
1,
1
a− γ +
1
b− γ
}
, which shows
that U has a nonuniform µ-dichotomy with projection valued function P .
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We now discuss the relation between Lyapunov functions and nonuniform
µ-dichotomies.
Given a differentiable growth rate µ : R+0 → [1,+∞), a projection valued
function P : R+0 → B(X) and constants γ > 0 and p ≥ 1, we denote by
Hµγ,p(P ) the set of all strongly continuous operator-valued functions
H : R+0 → B(X)
such that
‖H(t)x‖ ≤
(
µ′(t)
µ(t)
)1/p
µ(t)γ‖P (t)x‖ +
(
µ′(t)
µ(t)
)1/p
µ(t)−γ‖Q(t)x‖, (14)
for every t ≥ 0 and every x ∈ X.
Next, we define Lyapunov functions adapted to our situation. Given an
evolution operator U : ∆ → B(X), a projection valued function P : R+0 →
B(X) compatible with U , a growth rate µ : R+0 → [1,+∞) and a constant
γ > 0, we say that a function L : R+0 ×X → R is a Lyapunov function for U
with projection valued function P , growth rate µ and exponent γ if there are
constants p,D ≥ 1 and ε ≥ 0 such that for all strongly continuous operator
valued functions H ∈ Hµγ,p(P ) and all (t, s, x) ∈ ∆×X, we have
(i) L(t, U(t, s)x) +
∫ t
s
‖H(τ)U(τ, s)x‖pdτ ≤ L(s, x);
(ii) L(t, P (t)x) ≥ 0 and L(t,Q(t)x) ≤ 0;
(iii) µ(t)−pγL(t, P (t)x)− µ(t)pγL(t,Q(t)x) ≤ 2p−1Dµ(t)pε‖x‖p.
Theorem 3.6. Let µ : R+0 → [1,+∞) be a differentiable growth rate. If
the evolution operator U : ∆→ B(X) has a nonuniform µ-dichotomy with a
projection valued function P : R+0 → B(X), then for every positive constant
γ < min{a, b}, there is a Lyapunov function for U with projection valued
function P , growth rate µ and exponent γ.
Proof. Let p ≥ 1 and H ∈ Hµγ,p(P ). We define
L(t, x) := 2p−1
(∫ +∞
t
‖H(τ)U(τ, t)P (t)x‖pdτ −
∫ t
0
‖H(r)UQ(τ, t)Q(t)x‖pdτ
)
.
We have
L(t, U(t, s)x) +
∫ t
s
‖H(τ)U(τ, s)x‖pdτ
= 2p−1
∫ +∞
t
‖H(τ)U(τ, s)P (s)x‖pdτ
− 2p−1
∫ t
0
‖H(τ)UQ(τ, t)Q(t)U(t, s)x‖pdτ
+
∫ t
s
‖H(τ)U(τ, s)x‖pdτ.
(15)
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We first compute∫ t
0
‖H(τ)UQ(τ, t)Q(t)U(t, s)x‖pdτ
=
∫ s
0
‖H(τ)UQ(τ, t)Q(t)U(t, s)x‖pdτ +
∫ t
s
‖H(τ)UQ(τ, t)Q(t)U(t, s)x‖pdτ
=
∫ s
0
‖H(τ)UQ(τ, s)Q(s)x‖pdτ +
∫ t
s
‖H(τ)U(τ, s)Q(s)x‖pdτ.
On the other hand, using the inequality
‖x+ y‖p ≤ 2p−1‖x‖p + 2p−1‖y‖p, for x, y ∈ X,
it follows that∫ t
s
‖H(τ)U(τ, s)x‖pdτ
=
∫ t
s
‖H(τ)U(τ, s)P (s)x +H(τ)U(τ, s)Q(s)x‖pdτ
≤ 2p−1
∫ t
s
‖H(τ)U(τ, s)P (s)x‖pdτ + 2p−1
∫ t
s
‖H(τ)U(τ, s)Q(s)x‖pdτ.
(16)
Now, by (15) and (16) we have
L(t, U(t, s)x) +
∫ t
s
‖H(τ)U(τ, s)x‖pdτ
≤ 2p−1
∫ +∞
s
‖H(τ)U(τ, s)P (s)x‖pdτ − 2p−1
∫ s
0
‖H(τ)UQ(τ, s)Q(s)x‖pdτ
= L(s, x),
for all (t, s, x) ∈ ∆×X. Clearly L(t, P (t)x) ≥ 0 and L(t,Q(t)x) ≤ 0.
Moreover, by Theorem 3.1 we deduce that
µ(t)−pγL(t, P (t)x)− µ(t)pγL(t,Q(t)x)
= 2p−1µ(t)−pγ
∫ +∞
t
‖H(τ)U(τ, t)P (t)x‖pdτ
+ 2p−1µ(t)pγ
∫ t
0
‖H(τ)UQ(τ, t)Q(t)x‖pdτ
≤ 2p−1
∫ +∞
0
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ sign(τ−t)
‖G(τ, t)x‖pdτ
≤ 2p−1Dµ(t)pε‖x‖p,
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for all (t, x) ∈ R+0 ×X, where D = max
{
1,
N
p
1
p(a− γ) +
N
p
2
p(b− γ)
}
and ε ≥ 0
is given by Definition 2.7. Therefore, L is a Lyapunov function for U with
projection valued function P , growth rate µ and exponent γ. 
The next theorem establishes the existence of nonuniform µ-dichotomies
assuming the existence of suitable Lyapunov functions and thus is a converse
of Theorem 3.6.
Theorem 3.7. Let µ : R+0 → [1,+∞) be a differentiable growth rate that
satisfies (7). Assume that U : ∆ → B(X) is an evolution operator and
P : R+0 → B(X) is a projection valued function compatible with U such
that (8) holds for some α ≥ 0. If there is a Lyapunov function for U with
projection valued function P , growth rate µ and exponent γ > α, then U has
a nonuniform µ-dichotomy with projection valued function P .
Proof. Let L : R+0 ×X → R be a Lyapunov function for U with projection
valued function P , growth rate µ and exponent γ > α. Then there are
constants p,D ≥ 1 and ε ≥ 0 such that relations (i)–(iii) from the definition
of the Lyapunov functions hold for each H ∈ Hµγ,p(P ). Consider
H(t)x =
(
µ′(t)
µ(t)
)1/p
µ(t)γP (t)x+
(
µ′(t)
µ(t)
)1/p
µ(t)−γQ(t)x.
It is easy to see that H ∈ Hµγ,p(P ). Thus, by (i) and (ii) mentioned above,
we have ∫ u
t
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ
‖U(τ, t)P (t)x‖pdτ
= µ(t)−pγ
∫ u
t
‖H(τ)U(τ, t)P (t)x‖pdτ
≤ µ(t)−pγ [L(t, P (t)x) − L(u,U(u, t)P (t)x)]
≤ µ(t)−pγL(t, P (t)x),
for every u ≥ t, which implies∫ +∞
t
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ
‖U(τ, t)P (t)x‖pdτ ≤ µ(t)−pγL(t, P (t)x). (17)
On the other hand, we get∫ t
0
µ′(τ)
µ(τ)
(
µ(t)
µ(τ)
)pγ
‖UQ(τ, t)Q(t)x‖pdτ
= µ(t)pγ
∫ t
0
‖H(τ)UQ(τ, t)Q(t)x‖pdτ
≤ µ(t)pγ [L(0, UQ(0, t)Q(t)x) − L(t,Q(t)x)]
≤ µ(t)pγ |L(t,Q(t)x)|.
(18)
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By (17), (18) and using (iii), it follows
∫ +∞
0
µ′(τ)
µ(τ)
(
µ(τ)
µ(t)
)pγ sign(τ−t)
‖G(τ, t)x‖pdτ
≤ µ(t)−pγL(t, P (t)x)− µ(t)pγL(t,Q(t)x)
≤ 2p−1Dµ(t)pε‖x‖p.
Thus, by Theorem 3.2 we deduce that U has a nonuniform µ-dichotomy
with projection valued function P . 
If X is a Hilbert space, we obtain the following result:
Corollary 3.8. Let µ : R+0 → [1,+∞) be a differentiable growth rate that
satisfies (7). Assume that U : ∆ → B(X) is an evolution operator on
a Hilbert space X and P : R+0 → B(X) is a projection valued function
compatible with U such that (8) holds for some α ≥ 0. If for some γ > α
there is a strongly continuous operator valued function W : R+0 → B(X)
with W (t)∗ = W (t) such that, for all strongly continuous operator valued
functions H ∈ Hµγ,2(P ) and all (t, s, x) ∈ ∆×X, we have
〈U(t, s)∗W (t)U(t, s)x+
∫ t
s
U(τ, s)∗H(τ)∗H(τ)U(τ, s)x dτ, x〉 ≤ 〈W (s)x, x〉,
〈W (t)P (t)x, P (t)x〉 ≥ 0, 〈W (t)Q(t)x,Q(t)x〉 ≤ 0,
and
µ(t)−2γ〈W (t)P (t)x, P (t)x〉 − µ(t)2γ〈W (t)Q(t)x,Q(t)x〉 ≤ Dµ(t)2ε‖x‖2,
for some D ≥ 1 and ε ≥ 0, then U has a nonuniform µ-dichotomy with
projection valued function P .
Proof. Set
L(t, x) = 〈W (t)x, x〉, for (t, x) ∈ R+0 ×X.
It is easy to see that L is a Lyapunov function for U with projection valued
function P , growth rate µ and exponent γ. Thus, by Theorem 3.7 it follows
that U has a nonuniform µ-dichotomy with projection valued function P . 
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